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ABSTRACT

We find a small weakly minimal theory with an isolated weakly minimal
type of M-rank oo and an isolated weakly minimal type of arbitrarily
large finite M-rank. These examples lead to the notion of an m-normal
theory. We prove the M-gap conjecture for m-normal T. In superstable
theories with few countable models we characterize traces of complete
types as traces of some formulas. We prove that a 1-based theory with
few countable models is m-normal. We investigate generic subgroups
of small superstable groups. We compare the notions of independence
induced by measure (p-independence) and category (m-independence).

0. Introduction

Throughout, unless we say otherwise, T is a small stable theory in a language
L, and we work within a monster model € = €%? of T. The main feature that
distinguishes small superstable theories from w-stable ones is the presence of
complete types over finite sets, with infinite multiplicity. Indeed, [M, A.16] proves
that a small superstable theory T is w-stable iff for every finite set A C € and p €
S(A), p has finite multiplicity, that is the set of stationarizations of p (over acl(A4)
or over €) is finite. Hence, after Vaught’s conjecture for w-stable theories was
proved [SHM], investigation of the ways in which multiplicity of p may be infinite
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seems a necessary step towards a proof of Vaught’s conjecture for superstable
theories. This was the motivation for a number of papers that I have written in
recent years [Nel, Ne3, Ne4, Neb, Ne7]. When speaking about stationarizations
of types, we use the following notions.

If s(z) is a (partial) type over €, then [s] is the class of types over €, containing
s. Let A C € be finite. So sets of the form S{A) N [¢], where ¢(z) is a formula
with parameters from A, are a basis of the topology on S(A4). We identify strong
types over A with types in S{acl(A)).

The trace of s over A is the set Tra(s) = {p(z) € S(acl(A)): p(x) U s(x)
is consistent}. Tra(a/B) denotes Tra(tp(a/B)) and Tr(s) denotes Trg(s). In
particular, if p € S(A) then Tra(p) is the set of stationarizations of p over A.
When A C B, S, .s(B) denotes the set of non-forking extensions of p in S(B).
Notice that Tra(s) is a closed subset of S(acl(A)). Hence for p € S(A) it is
reasonable to investigate the ‘topological shape’ of Tr(p), rather than merely
count the number of elements of it. The first result in this direction [Nel] states
that

(*) if T has few (that is < 2%¢) countable models and p € S(A) is weakly
minimal then either Tr 4(p) is finite or Tr 4 (p) is open (that is, p is isolated).

This fact (called Saffe’s condition) was decisive in the proof of Vaught’s conjecture
for weakly minimal theories [Bul]. Saffe’s condition fails in general, for arbitrary
p, at least when stated in the above way. So in order to measure the size of the
set of stationarizations of p € S(A), I introduced a multiplicity rank M defined
by the following conditions.

(1) M(a/A) 2 0.

(2) M(a/A) > o + 1 iff for some finite B D A with a.l B(A4), M(a/B) > «
and Tr(a/B) is nowhere dense in Tr4(a/A).

(3) M(a/A) > 6 for limit § iff M(a/A) > « for every a < 6.

Regarding this definition notice that for any A C B C € and a € € the following
conditions are equivalent.
— Tra(a/B) is nowhere dense in Tr4(a/A).
~ Tra(a/B) is meager in Tr4(a/A).
- Tr4(a/B) has empty interior in Tra{a/A).
~ Tr4(a/B) is not open in Tra{a/A).
We see that for a € €, M{a/A) depends only on tp(a/A), so for p € S(A)
we can define M(p) as M(a/A) for any a realizing p. M(a) denotes M(a/0).
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We say that T is m-stable if M(p) < oo for any p (over a finite set). In [Ned,
Ne7] it is proved that if T is superstable and has few countable models, then
M(p) is finite for any p (over a finite set). On the other hand, in a small
superstable T', using M-rank we can produce certain locally modular types (called
meager types) in a mechanical way, just like U-rank yields regular types (see
[Ne4, Ne5]). Unfortunately, there are no examples of a type p in a small T with
w < M(p) < co. In {Ne7] I formulated the following conjecture.

M-GAP CONJECTURE: In a small superstable T there are no p with
w < M(p) < 0.

Were this conjecture true, a large part of [Ne5] would be redundant, since it
deals with types of infinite M-rank. The status of this conjecture is unclear even
in the simplest case of a weakly minimal 7. This is the main motivation for the
present paper.

Below we construct small weakly minimal groups with an isolated generic type
of arbitrarily large finite M-rank, and of M-rank co. The next sections are
devoted to explaining why finding a counterexample to the M-gap conjecture
may be hard. Specifically, the examples below are m-normal (for definition see
the end of this section). We prove that the AM-gap conjecture is true for m-normal
theories. Also we study local properties of M-rank and m-independence (defined
below), and investigate generic subgroups of type-definable groups. We prove
that if T has few countable models then traces of complete types are traces of
some formulas. As a consequence we get that a 1-based theory with few countable
models is m-normal. In the last section we discuss the properties of the set of
generic types of a group (4 also we comment there on a notion of independence
induced by measure and compare it with the notion of m-independence defined
below (induced by category).

The notion of multiplical independence (m-independence, for short) is defined
in terms of traces of types; we denote it by L. It refines (for small stable T') the
notion of independence. We say that

a is m-independent from b over ¢ (symbolically: alLb(c)) if a.Lb(c)
and Tr.(a/bc) is open in Tr.(a/c).

Below we collect the basic properties of m-independence (the proofs may be found
in [Ne3, Neb]).

LEMMA 0.1:
(1) (symmetry) aLb(A) implies bLa(A).
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(2) (transitivity) abLc(A) iff alc(Ab) and bLc(A).

(3) M(a/A) < M(ab/A) < M(a/Ab) ® M(b/A).

(4) If aLb(A) then M(a/Ab) + M(b/A) < M(ab/A).

(5) IfalLb(A) then M(ab/A) = M(a/A)® M(b/A) and M(a/A) = M(a/Ab).
(6) If M(a/A) < co and a.Lb(A) then M(a/A) = (a/Ab) implies a’Lb(A).
(7) If B D A is finite then for every a there is an o’ = a(A) with o’ LB(A).
(8) Assume A C B C C. Then either ’I‘rA(a/C) is open in Tr4(a/B) or
Tra(a/C) is nowhere dense in Tt s(a/B).

Now we construct small weakly minimal groups with a generic type of
arbitrarily large finite M-rank, and of M-rank oc.

Let V = «*«2 = [ {n}xw9  equipped with the usual product topology. V
can be made into a group structure, with pointwise addition modulo 2. Let
P,={f€eV: fllnxn)=0}and G = (V,+, Pr)n<wn- G is the standard example
of a small weakly minimal group. Also, Th(G) has few countable models, hence
necessarily M-rank of any isolated generic type is 1 (by [Nel]). The set of generic
types of G is naturally homeomorphic with [[, {n}xwg Let

H, = [[{0} x [[*“2={f € V: fil(n x w) =0}

i<n i>n

We see that V = Hy > Hy > Hy > ..., moreover every H;., is closed and
nowhere dense in H;. Our intention is to expand G so that it remains small and
weakly minimal, but H;,i < w, are type-definable over () generic subgroups of
(. We cannot simply expand G by adding the H,’s as the new predicates, since
this would destroy not only weak minimality, but superstability of 7. Instead
we name in G certain generic clopen subgroups, which approximate the H,’s.
Specifically, let H,, ., = {f € V: f|(n x m) = 0}. Notice that P, = H, ,. We see
that Hp, =, Hojm- Let Goo = (V, +,{Pn,n < w}, {Hym: n <m < w}). G
is weakly minimal and small.

For instance, we describe S(@). For generic a € G we define a function
fa: {(n,m): n <m} — {0,1} by fo(n,m) =0iffa € Hy . Clearly f, determines
tp(a/0). We show that the set F = {f,: a € G is generic } is countable.

Suppose f € F and f # 0. Let (ng,mp) be minimal (with respect to the
lexicographical order on w X w) such that mg > ng and f(ng, mo) = 1. It follows
that for any n,m with m > n:

—if n < mg then f(n,m) =20,
—if n = ng and m < mg then f(n,m) =0,
—if n > ng and m > ng then f(n,m)=1.
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There are yet finitely many pairs {(n,m) with m > n to consider, namely these
with mg > m > n > ng. This shows that F' is countable.

Actually, maz{CB(p): p € S(0)} = w here. Also by the choice of H;’s, M-rank
of any isolated generic type over ) in G equals co. If we define G (for some
N>0)as (V,+,{Py,n <w}{Hpm,n <m<wandn < N}), then we get that
G is weakly minimal, small and the M-rank of any isolated generic type over
# in Gy equals N.

We say that T is m-normal if for all finite sets A C B and ol B(4),
there is an E € FE(A) (in suitable variables) such that the orbit of
Trs(a/B) N [E(z,a)] under the action of Aut(€/Aa) is finite.

The following remark yields an equivalent definition.

Remark 0.2: Tra(a/B) N [E(z,a)] has finitely many conjugates over Aa iff for
some b € acl(A), Tr 4{a/Bb) is Aut(€/Aab)-invariant.

Proof: —. First notice that Tra(e/B) N [E(z,a)] = Tra(a/Ba’), where o' =
a/E. Let Xy = Tra(a/Bd'),X1,..., X, (for some n) be the Aa-conjugates of
Tra(a/Ba'). For ¢ > 0,X; # Xo, hence there is a; € acl{A), a name of an
equivalence class of some E; € FE(A) meeting Xy and disjoint from X;. Let
a” be the concatenation of a1,...,a,. We see that a” € acl{A) and Trs{a/Ba’)
is Aut(€/Aaa")-invariant. Tra(a/Ba’a”) is open in Tr4(a/Ba’), hence there
is B’ € FE(A) such that Trs(a/Ba’a”) N [E'(z,a)] = Tra(a/Ba’) N [E'(z,a)],
and this set is clearly Aut(€/Aaq”)-invariant. Let b = a’a”(a/E’). We see that
Tra(a/Bb) = Trs(a/Bd'a") N |E'(z,a)] is Aut(€/Aab)-invariant.

. As above, Tr4(a/Bb) is open in Tra(a/B), hence for some E € FE(A),
Tra(a/B) N {E(x,a)] is Aut(€/Aab)-invariant. As b € acl(A), we get that
Tra(a/B) N [E(z,a)] has finitely many conjugates over Aa.

The definition of m-normality is parallel to the definition of weak normality (1-
basedness). More details are given in the next section. We prove there the M-gap
conjecture for m-normal theories. One can see that the theories Th(Goo), Th(GN)
are m-normal. In fact, for any finite set A C G, (or C Gy) and any a € G
generic over A, we have that Tr(a/A) is a Boolean combination of generic traces
of cosets of type-definable over () generic subgroups of G, (or Gy, respectively).
Also, as the next remark shows, it suffices to check m-normality on the real sort
€ of €9,

Remark 0.3: Assume for all finite A C B C € and a C €= with a L B(A), for
some b € acl(A), Tr 4(a/Bb) is Aut(C/Aab)-invariant. Then T is m-normal.
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Proof: Suppose a is imaginary, say a name of an E-class for some equiv-
alence relation E. We may choose a’ with a = o«'/E and o'l B(Aa). By
assumption, choose ¢ € acl(A) with Tr4(a’/Bc)Aut(€/Ad ¢)-invariant. It fol-
lows that Trs(a/Bc) is Aut(€/Aac)-invariant. Indeed, suppose f € Aut(€/ac)
and f(B) = B*. Wilog o/ BB*(Aa). This implies B = B*(Aa'c). Hence
Tra(a'/B*c) = Tra(a’/Bc) and Tra(a/B*c) = Tra{a/Bc).

1. m-normal theories

In this section we prove that an m-normal theory satisfies the M-gap conjecture.
We also define some special objects, called *-finite tuples, which play a similar
role for m-independence, as imaginaries for forking independence. *-finite tuples
allow us to re-define the notion of m-normal theory more smoothly. To justify our
definition of an m-normal theory, we begin by proving that an m-stable theory
is ‘finitely m-based’.

PRrOPOSITION 1.1: Assume T is m-stable, A, B are finite and p € S(A). Then
there is a finite set C of A-independent realizations of p such that C.LB(A) and
for every a realizing p with a.l. BC(A), we have all B(AC).

Proof: Suppose not. Then we can find recursively c,,n < w, realizing p such
that

(a) C = {cn,n < w} is A-independent and B.LC(A),

(b) enLB(Accy) for every n.

By symmetry of m-independence, B¢, (Ac<,). This means that M(B/Ac<o) >
M(B/Acc1) > ..., contradicting m-stability of T

The next corollary says that, at least for m-stable 7', M-rank has local
character.

COROLLARY 1.2: Assume T is m-stable, p = tp(a/A) for some finite A and « is
an ordinal. Then the following conditions are equivalent.
(1) M(p) 2 a+1.
(2) For some finite A-independent set B of realizations of p, aJ,,B(A),
M(a/AB) > o and oL B(A).

Proof: It suffices to prove (1) — (2). By (1) there is a finite set B’ with
al B'(A), M(a/AB') > a and a.B'(A). Let C be a finite set provided by
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Proposition 1.1 (for B := B'). By Lemma 0.1(7) we can assume o' C(AB’). In
particular, al B'C(A), hence by the choice of C,all B'(AC). Therefore

M(a/AB') = M(aJAB'C) = M(a/AC).

Since M(a/AB’) < M(a/A), also M(a/AC) < M(a/A). Hence aX.C(A). We
see that B := C satisfies our demands.

Corollary 1.2 implies that if T is m-stable and ¢(z) € p = tp(a/A), then
M(a/A) computed in € as a model of T equals M{a/A) computed in p(€) as a
model of T'[p (or even computed in p(€)). We can think of C in Proposition 1.1
as an ‘m-basis’ of B over p(€). The next lemma says that when T is m-normal
then for a fixed a realizing p we can choose C of size 1 (just like in the case of
forking independence in a 1-based theory).

LEMMA 1.3: Assume T is m-normal, A C B are finite and p = tp{a/A) for
some a.l B(A). Then there is c realizing p such that {B,a,c} is A-independent,
ol B(Ac) and a’Lc(AB).

Proof: Choose a’ € acl(A) such that Trs(a/Ba') is Aut(€/Aaa’)-invariant. By
Lemma 0.1(7) choose ¢ = a(Ba') with ¢ a(Bda’). By symmetry (Lemma, 0.1(1))
it follows that a’lc(B). This implies that

(a) Tra(a/Bd’c) is open in Tr4(a/Ba’).

To prove that ol B(Ac) notice that Tra(a/Ba’) = Tra(c/Ba') is also
Aut(€/Aca’)-invariant. Hence

(b) Tra(a/Aca’) C Tra(a/Ba’).

Since clearly Tra(a/Bea') C Tra(a/Acd'), by (a) we get that Trs(a/Bc) is not
nowhere dense in Tr 4 (a/Ac). By Lemma 0.1(8), Tra(a/Bc) is open in Tr4(a/Ac),
hence all B(Ac).

The next theorem says that for an m-normal theory the M-gap conjecture is
true.

THEOREM 1.4: Assume T is small, stable and m-normal. Then there is no type
pinT with w < M(p) < co.

Proof: Suppose there is a type p in T with w < M(p) < co. We can assume
M(p) = w and p € S(@). Let X = Tr(p). We define a binary relation R on
X as follows. Suppose 7, € X. We have r R’ iff for some a,d’ realizing r,r’
respectively we have ala’ and a.a’. We have
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(a) R is an equivalence relation.

Indeed, R is reflexive since when r = r’ and a, a’ are independent realizations of
7, then M(a/a’) = 0 and M(a/P) = w, hence al.a’. R is symmetric by Lemma
0.1(1). To see that R is transitive, suppose r R’ and v’ Rr”. Choose a,a’,a"”
realizing r, ', 7" respectively, with a/f.a’ and o’La”. We can assume that a,a’,a”
are independent. ala’ gives M(a/a’) < M(a/0) = w, hence M(a/a’) < w and
M(a/d'a") < w. Similarly, M(a'/a") < w. Hence by Lemma 0.1(3),

M(a/a") < M(ad'/a") < M(a/a"d') & M(d'/d") < w.

This gives af.a” and r R7".

Let r € X and let Y be the equivalence class of r. Let Z = cl(Y) be the
topological closure of Y. Let a realize r and let P be the set of non-forking
extensions of p over a with finite M-rank. We see that Y = |J{Tr(q): ¢ € P}.
Moreover, Z is nowhere dense. Otherwise, by smallness, for some ¢ € P, Tr(q)
is open in Z, and open in X, a contradiction. Since Z is Aut(€/a)-invariant, we
get that for any ' € Z,r Rr’, that is Y = Z. So we have proved that

(b) the R-equivalence class Y of r is closed and nowhere dense, and for some
g€ P, Tr(q) isopeninY.

Moreover we have

(c) for any n < w and any open neighbourhood U of r there is ¢ € P with
Tr(q) € U and M(q) > n.

Indeed, let a realize r. Choose E € FE(0) such that X N[E(z,a)] C U. Let
o' = a/F; we can add o’ to the signature so that X C U. Choose a finite set B
with el B,o.B and M(a/B) > n. Clearly M(a/B) is finite. By Lemma 1.3
there is a c realizing p such that {B,a,c} is independent, a’l. B(c) and a ¢(B).
It follows that M(a/c) = M(a/B), and r R stp(c). Switching the roles of a,c we
get that there is ¢’ realizing p with a.L¢/,aZ ¢ and M(c'/a) > n. So q = tp(c/a)
satisfies our demands.

Now fix a type ¢ € P with Tr(q) open in Y, and let n = M(q). Let b
realize ¢ and 7' = stp(b). By m-normality there is E € FE(®) such that U =
Tr(g) N [E(z, b)] (an open neighbourhood of v’ in Y) is Aut(€/bb)-invariant for
some b’ € acl((). It follows that

(d) for every non-forking extension ¢’ of p over bb' with M(q') finite and
Tr(¢') C U, we have M(q') < n.
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To see this, suppose that for some ¢’ as in (d), M(q') > n. Let c realize ¢’. Wlog
a,b,c are independent. Further on we can assume that cﬂ,a(bb’ ). This implies
M(c/abb') > n. On the other hand, since Tr(q’) C U, we have that c realizes g,
hence M(c/ab) < M(c/a) = M(q) = n, a contradiction.

However, {c) holds also for 7/, hence we get a contradiction with (d).

In its current form, the definition of an m-normal theory does not resemble
the definition of 1-based (or: weakly normal) theory. This is because we lack a
counterpart of imaginary elements here. So below we introduce some other kind
of objects, called *-finite tuples, which play for m-independence a similar role as
imaginaries for forking independence.

First recall that if I is any index set and a; = {(a;,7 € I), then Shelah considered
in [Sh] the *-type of a; over a set A (denoted by tp*(ar/A)) as the set of formulas
w(z ) over A, for some finite J C I such that ¢(ay) holds. Here we adopt the
convention that if J is any index set then z; is the tuple of variables {(z;,i € J),
and a; = (a;,1 € J). Thus tp*(a;/A) is an element of the space of complete types
over A, in variables z;, denoted by S;(A). Topologically, it is the Stone space of
the Lindenbaum-—Tarski algebra of formulas in variables z; and parameters from
A. We call ay a *-tuple (indexed by I).

Our aim is to regard certain *-tuples similarly as finite tuples of elements of
€. All *-tuples form too broad a class of objects for our purposes. For instance,
if S(acl(P)) is uncountable and a; is an enumeration of acl(@), then S(as) is
uncountable, although for any finite tuple a of elements of €, S(a) is countable
(throughout we assume T is small). So we say that

ar is a x-finite tuple if for some finite set A C €, ar C dcl(A).

T is countable, hence if a; is *-finite then we can assume I is countable. So
clearly we have

Remark 1.5: If ay is *-finite then S{ay) is countable.

For the purposes of forking dependence, we regard *-finite tuples as sets, that
is ar LA(B) iff {a;,i € IV LA(B). If a;,by,civ are s-finite, then we write
a;Lby (cp) iff arLbp (crr) and Trc,, (ar /by cy) is open in Tr,, (ar/cy~). Here
Tre,, (ar/byecyn) is the set {tp(a}/acl({c;,i € I"})): af = ar(byep)}.

Similarly we extend the definition of M-rank M(a/A) to the case when a is
*-finite and A is a finite set of *-finite tuples: the set B in (2) in the introduction
is now required to be a finite set of *-finite tuples. Most importantly we have
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PROPOSITION 1.6: Lemma 0.1 remains true if a,b, ¢ denote x-finite tuples and
A, B,C denote finite sets of *-finite tuples. Also, if T is a superstable theory
with few countable models then M(a/A) is finite for any x-finite tuple a and any
finite set A of x-finite tuples.

Proof: We concentrate on the last clause, leaving the first part of the proposition
to the reader. Take a finite set A’ of standard elements with A C dcl(A4’) and
alL A’'(A). Hence M(a/A’) = M(a/A), and we can assume that A is a finite set of
standard elements. Next take a standard o’ with a C del(a’). So M(a/Ad’) =0
and by the few models assumption M(a'/A) < w. By Lemma 0.1 we have

M(a/A) < M(ad' /A) < M(a/Ad") ® M(d'/A) < w.

From now on in this section A, B, C' usually denote finite sets of *-finite tuples
and a,b,c denote x-finite tuples. If we want to stress that a is a finite tuple
of elements of €, we call a standard. We say that a; is x-algebraic over A
(ar € acl*(A)) if {a;,i € I} C acl(A). aj is *-algebraic if ay is *-algebraic over
(0. We say that a is algebraic over A (a € acl(A)) if there are only finitely many
a’ such that o’ = a(A). Similarly we define the notions of *-definability (dcl*)
and definability (dcl) of *-finite tuples. Notice that a € acl*(A) does not imply
a € acl(A), while @ € dcl*(A) implies a € del(A). Also, for a € acl*(A) we
have M(a/A) = 0 iff a € acl(A). We say that tp*(a/A) is stationary if for any
a’ = a(A) we have o’ = a(acl(A)).

We should remark here that, despite our having changed the general set-up, for
standard a and A, M(a/A) is the same, no matter if in the process of computation
we use x-finite tuples or not.

Fact 1.7: If a, A are standard, then M(a/A) > a + 1 iff for some standard finite
B> A, al B(A), M(a/B) > a and oL B(A).

Proof: It suffices to prove —. Suppose there is a finite set B’ O A of *
finite tuples such that al B'(A), M(a/B') > o and aL.B'(A). Choose a finite
standard B such that B’ C dcl(B). Wlog alL B(B'). Tt follows that a.l B(A)
and M(a/B) = M(a/B’) > a. Also, B' C dcl(B) implies a’{. B(A).

The next remark shows that for an w-stable T' x-finite tuples are redundant, and
for a superstable T' any =-finite tuple is *-algebraic over some standard subtuple.

Remark 1.8: (1) If T is w-stable then every *-finite tuple b is equidefinable with
a standard ¥’ C b.

(2) If T is superstable, then every finite tuple b is x-algebraic over some
standard b’ C b.
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Proof: Suppose b C dcl(a) for some standard a. Choose a finite (hence standard)
b C b with aLb(b'). Clearly, b is *-algebraic over &. This proves (2). For (1),
notice that when T is w-stable, then M(a/¥) = 0, hence there is some standard
¢ € acl(V') such that tp(a/b'c’) is stationary. It follows that b € del(b'c’). Tt is
easy to replace ¢’ by a finite subset of b so that still b € dcl(¥'¢).

*-Algebraic elements are very important for the description of m-independence,
as the next lemma shows.

LEMMA 1.9: For any a and A there is b € del*(Aa) such that b is x-algebraic
over A and M(a/Ab) = 0. In particular, M(b/A) = M(a/A) and for any B with
al B(A) we have o’ B(Ab).

Proof: Say, a = aj. Let I’ be the set of A-definable finite equivalence relations
E{zj,2';) on the sort of a; (J varies over finite subsets of I). Let

b={(aj/E: E = E(z;,2)) € I').

Since a, A are *-finite, also b is *-finite. Clearly, b € dcl*(Aa) and b is x-algebraic
over A. By the choice of b we have M{a/Ab) = 0. We leave the rest of the proof
to the reader.

Lemma 1.9 shows that in order to calculate M(a/A) it suffices to calculate
M(b/A) for some b x-algebraic over A. If a is *-algebraic over A then for any
B,a. B(A). Hence by Proposition 1.6 we have that if a’La’(A),b is *-algebraic
over A and M(b/Aa) = M(b/Ad') = 0, then M(b/A) = 0, that is b is algebraic
over A. We shall frequently use this remark in the proof of the next theorem.
This theorem provides us with an alternative definition of m-normality, parallel
to the definition of 1-basedness. Recall that T is 1-based iff for all standard a, b, ¢
there is d with U(d/ac) = U(d/bc) = 0 and a.Lb(cd).

THEOREM 1.10: Assume T is small stable. The following conditions are
equivalent.
(1) T is m-normal.
(2) For all a,b,c, if a.Lb(c) then for some d with M(d/ac) = M(d/bc) = 0 and
d.Lab(c), we have alLb(cd).
(3) Like (2), but with d additionally *-algebraic over c.

Proof:  (3)—(2) is clear. (2) — (1). Suppose a,b,c,d are as in (2). Let
c € acl(c) be standard, and such that tp*(d/acc’),tp*(d/bec’) are stationary
and Tr.(a/bec’d) = Tr.(a/ec’d). Since tp*(d/bec’) is stationary,

Tre(a/bec'd) = Tre(a/bec’) = Tro(a/cc'd).
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Since tp*(d/acc’) is stationary, Tr.(a/cc'd) is Aut(€/acc’)-invariant. Also,
Tr.(a/bec’) is an open subset of Tr.(a/bc) (as ¢ € acl(c); here we really do
not need the fact that ¢ is standard). When a, b, ¢ are standard, this argument
shows that T' is m-normal.

(1) — (3). Suppose a.lb(c), and choose standard a',¥',¢’ with o C decl(a’),
b C dcl(¥') and ¢ C dcl(c’). Moreover we can assume that

(a) ¢Lab(c),bLac (b) and a’Lb ¢ (a).
This implies
(b) oLV (ac),aLV (b) and o’ L¥'c(c).

Since T is m-normal, there is d € acl(c) such that Tr.(a'/b/dd) is
Aut(€/a'c'd’)-invariant. By (b), Try(a’/b'd’d’) is naturally homeomorphic to
Tr.(a' /b dd), which is also Aut(C/d’'¢'d')-invariant. Let I = FE(c) and for
E € I let dg be the name for the set of E-classes meeting Tr.(a’/b'c'd’). We
see that dg is a standard (imaginary) element, which is Aut(€/a’c’d’)-invariant.
Hence dg € del(d'dd) Ndel('c'd). Let d = (d/E,E € I). So d is finite,
*-algebraic over ¢ and d € dcl*(a/dd’) N del*(b'/d’). We have

(c) M(d/b'c) =0 = M(d/ac).

Indeed, d’ € acl(c¢') gives M(d/a'¢’) =0 = M(d/b'¢). (a) gives that ¢/ La'b(c),
hence o’ Lb'¢/(b¢c). Therefore Tr.(a’/b'c’d’) (homeomorphic with Try(a’/b'c'd’))
is open in Tr.(a’/b'¢) (homeomorphic with Try (e’ /¥ ¢)), which means that d €
acl(b'c) and M(d/bc) = 0. By (b) we have a’L¥(ac'), so M(dfa'd) = 0 =
M(d/b' ) gives M(d/ac') = 0.

Now we have aLb(cd). Indeed, since d is *-algebraic over c and d’ € acl(c’), by
(b) we have o/ Lb'¢'d (cd). Clearly, Tr.(a'/cd) = Tr.(a'/b'dd') (as d' € acl(c')).
Hence a/’L¥(cd) holds. As a C del(a’) and b C del(¥'), we get alLb(cd).

To finish, we prove that M(d/bc) = 0 = M(d/ac). To see this, notice that
¥ Lac (bc), hence using (c) we get M(d/bc) = 0. Similarly, ¢Lab(c) gives
bL¢ (ac) and M(d/ac) = 0.

Regarding condition (3) in Theorem 1.10, notice that if d is *-algebraic
over ¢ and M(d/ac) = 0 then d € acl(ac). The next corollary is a kind of
coordinatization theorem.

COROLLARY 1.11: Assume T is small, stable and m-normal. Then for any a,b
with 0 < M(a/b) < oo there is @’ € acl(ab) such that o' is x-algebraic over b
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and M(a/a'b) = 1. In particular, if M(a/b) = n then there are x-algebraic over
b *-finite tuples ag,...,an—1 such that a; € acl{a;11b) fori < n—1, ap_, €
acl(ab), M(a;/a<;b) =1 and M(a/a<,) = 0.

Proof: By Theorem 1.4, M(a/b) is finite, say n. Choose ¢ with a.lc(b) and
M(a/bc) = 1. We get that the required o’ exists by Theorem 1.10. The rest is
€asy.

*-Algebraic tuples may be regarded as types themselves. Specifically, suppose
a is *-algebraic over b. Choose standard @’ with ¢ C dcl(a’). Hence there is
a tuple f = (fi,i € I of O-definable functions such that ¢ = a; = f(a’). Let
pe = Trp{a’/ab). Since p, is a closed subset of S{aci(h)), we can regard it as a
type over acl(b) (pq is just the type over acl(b) generated by tp(a’/ab)). We have
that Aut(€/ab) = Aut(€/p.b). Indeed, first suppose g € Aut(€) fixes ab. Then g
fixes also tp(a’/ab), hence g(p,) = p, and g € Aut(€/p.b). Now suppose g fixes
b and p,. It follows that o’ = g{a’) realizes p,. But ‘a; = f(z)’ is expressed by
a set of formulas contained in p,(z), hence also g(a) = f(a") = a.

We see that a and p, are interdefinable in € over b. We may use *-algebraic
tuples to construct models with some special properties. Specifically, we may try
to omit the types p, corresponding to *-algebraic tuples a. The choice of the type
pe depends on the choice of standard @’ with a C del{a’), so it is not uniquely
determined. Thus it is more appropriate to speak of omitting *-algebraic tuples
rather than the types corresponding to them.

First we must specify when we shall regard a *-algebraic tuple realized, or more
properly, discerned in a model M. The most liberal approach is that we regard
a *-algebraic over b tuple a discerned in a model M containing b, if some type
pq corresponding to a is realized in M. In other words, suppose M contains b (if
b = by is a *finite tuple, then this means that {b;;i € J} C M). We say that
M discerns a over b if for some standard o’ € M, a C dcl{a’b). Consequently,
we say that M omits a over b if M does not discern a over b. We say that M
discerns/omits @ if M discerns/omits a over §). Notice that omitting a over b is
equivalent to omitting potentially many types over acl(b). The following is an
omitting *-algebraic tuples theorem . It corresponds to omitting < 2% complete
non-isolated types in the classical case [Sh, IV, 5.16]. The proof is similar.

THEOREM 1.12: Assume T is small stable. Assume x < 280 b is x-finite,
G, < K, are *-algebraic over b, and for all & < 8 < k,tp*(aqs/b) = tp*(as/b)
and M(an/b) > 0. Then there is a countable model M containing b and
omitting every a,,a < K.
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Proof: Extending the signature, we can assume b = (). Let p = tp*(a,/0), a < .
Suppose each a, is indexed by a countable set I. Suppose a’ is standard and
ao C dcl(a’). This means that there is a tuple f = (f;,i € I) of 0-definable
functions such that a, = f(a’). Potentially there may be many such tuples of
functions. The next claim shows that we can restrict ourselves to countably many
of them.

CrLAIM 1: There are countably many I-indexed tuples f™,n < w, of 0-definable
functions such, that for any a realizing p and any standard @' with a C dcl(a’),
we have a = f"(a’) for some n.

Proof: Let a realize p. Since a is *-finite and T is small, S(a) is countable. For
standard o/, the fact that a C del(a’) is witnessed by some I-indexed f depending
only on tp{a’/a). Hence there are only countably many cases to consider.

This claim implies also that in every countable model M, only countably many
x-finite tuples realizing p are discerned. Our aim is to construct now a family of
countable models M,,,n € “2, such that no a realizing p is discerned in more than
one of them. We specify M, by describing the w-type p,(z,) = tp(M,/acl(0))
in variables z, = (zn,n < w). Specifically, we construct a tree of formulas
{pv(z,),v € <“2} over acl(P) such that z, = (zo,...,Zn1), where n = |v| and

(a) for every n € “2, the set p, = {@yn(2yn),n < w} is a complete w-type
over acl(®)), whose realization is a model of T',

(b)yif n # 1 € “2 and nn # 7'|n then whenever aypn,a, |, realize

Nicr @n1i{®nii), Nicn @rr1i(Toy i) respectively, and ¢ C apn, ¢ C aypy, then
for every i,j < n, f(c) # f7(c’) (provided c, ¢’ have suitable arity).

The construction relies on the following claim:

CrLAIM 2: Suppose @(z),9(z) are consistent formulas over acl(®) and 3,7 < w.
Suppose that for some c realizing p and ¢ realizing v, fi(c), f' (¢) realize p.
Then there are consistent formulas ¢'(z),v'(z) over acl(D), below ¢, respec-
tively, such that there are no c, ¢’ realizing @', 1’ respectively, with f7(c) realizing

pand fi(c) = f(¢).

Proof: Say, ¢(z),y(z) are over d € acl(@). Choose c,c realizing ¢, 1) respec-
tively, such that f7(c), f7'(¢) realize p. Since M(p) > 0 and d € acl(P), we have
that Tr(f7(c)/d) and Tr(f7'(¢')/d) are infinite. So we can choose a,a’ realizing
distinct types in Tr(f7(c)/d), Tr(f¥' (¢')/d) respectively. As a # a’, there is a
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finite J C I such that ay # ;. Let ¢'(z) be p(z) A ff,(:c) = a; and ¥'(z)
be ¥{z) A fjd(m) = a/;. Here fj = (f},i € J). It suffices to show that ¢,
are consistent. Since a,a’, f7(c), f¥ (¢} realize p, they are -algebraic, hence
a = fi(c)(d) and o/ = f7'(')(d). This implies that there are ? realizing ¢ and
¢! realizing 1 with f9(c®) = a, f#'(c!) = /. Hence ¢, are consistent.

Now for n € “2 let M, be a countable model, whose universe is an w-tuple
realizing p,. By Claim 1 and (b), no a realizing p is discerned in more than one
of the models M,,n € “2. Hence there is an 7 € “2 such that M, omits all
Ao, 0 < K.

Remark: Insome cases, we can omit simultaneously 28°-many *-algebraic types.
For instance, suppose a is *-algebraic, a’ C dcl(a), M(a’/0) > 0 and M(a/a’) >
0. By Theorem 1.12, there is a countable model M omitting a’. But any such
model must omit also any a” with a” = a{a’). There are 2% such a”, as
M(a/a’) > 0. Notice also that if a is x-algebraic and M(a/) = 0, then a is
discerned in any model M.

2. Traces

In this section we prove that a 1-based superstable theory with few countable
models is m-normal. The proof involves an analysis of traces of types under the
few models assumption. It turns out that in case of a superstable theory with few
countable models these are just finite unions of traces of some formulas, which
can be taken weakly normal, if we assume additionally that T is 1-based. When
p in the next lemma is a generic type of a group, this lemma is true without the
assumption that M(p) = 1 (see the remark after Proposition 3.5). It is not clear
if we can omit this assumption in general.

LEMMA 2.1: Assume T is m-stable, A, B are finite, p € S(A) (or even p =
tp*{a/A) for some *-finite tuple a) and M(p) = 1. Then the set of types r €
Sp.nf(AB) such that M(r) = 0 is finite.

Proof: Suppose not. By Proposition 1.1 we can assume that B is an A-
independent set of realizations of p. Moreover, by Lemma 1.9 we can assume
that p is *x-algebraic. In this setting, the failure of the lemma means that the set
of a realizing p with a € acl(AB) is infinite (see the discussion after Proposition
1.6). Since M(p) = 1, acl satisfies the exchange principle on the set of realiza-
tions of p. Indeed, the situation resembles much the case of a weakly minimal
type, dealt with in [Bu2] (see also [Nel, lemma 0.2]). The main difference now is
that all the stationarizations of p are orthogonal and the set of realizations of p is
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naturally a topological space (via the identification with Tr4(p)) homeomorphic
with the Cantor set. We can assume that B is acl-independent over A and that
the size of B is minimal possible.

Let P denote the set of realizations of p, and in this proof we restrict acl to
elements of P. Let W be the topological closure of acl(AB) in P.

CASE 1: W is uncountable. Then W has a perfect core W/. W’ is Aut(¢/AB)-
invariant, hence there is b € W’ with M(b/AB) > 0. Since M(b/A) =1 = M(p),
we get M(b/AB) = M(b/A) = 1, hence the set U of realizations of tp(b/AB)
is open in P. Clearly, U C W. Since acl(AB) is dense in W, it meets U,
hence in fact U C acl(AB) and b € acl(AB). But this implies M(b/AB) = 0,
a contradiction.

CAsSE 2: W is countable infinite. This implies easily that W C acl(AB) (as
for any b € W, M(b/AB) = 0), hence acl{AB) is topologically closed. Let b €
acl(AB) be an accumulation point. We find an acl-basis B’ of the set acl(AB),
containing b. By the exchange property, |B| = |B’|, so we can assume B = B’.
Let B” = B~{b}, and let V be the set of realizations of tp(b/AB"). So V is
open in P and V Nacl(AB) is infinite and contains b as an accumulation point.
It follows that any element of V Nacl(AB) is an accumulation point of this set,
hence V Nacl(AB) and acl(AB) are uncountable, a contradiction.

The traces of formulas seem least complicated among traces of types. So the
next theorem says that under the few-models assumption traces of complete
types are not so complicated. More specifically, suppose T is superstable with
few countable models and p is a complete type over some finite set A. Then the
theorem says that there is a formula ¢ with Tra(¢) = Tra(p). This means that
©(€) is a “large” subset of p(€). Clearly if p is non-isolated, then necessarily ¢
forks over A and the parameters of ¢ are not atomic over A.

THEOREM 2.2: If T is superstable with few countable models, then for every
finite A and p € S(A) there is a formula ¢ such that Tr4(¢p) is an open subset
of Tr4(p). In particular, Tra(p) is the union of traces of some finitely many
A-conjugates of ¢.

Proof: If not, choose p € S(A) for which the theorem fails, with M(p) = N
minimal possible. Clearly N > 0, since when Tr4(p) is finite, then for any a
realizing p the formula ¢{z) = (z = a) is good.

Choose a non-forking extension p’ € S(B) of p with M(p') = N — 1, for some
finite B O A. By the minimality of N there is a formula ¢(z,by) with Trg(p)
open in Trg(p’). Hence also Tra(yp) is open in Tr4(p’). Further, we could take a
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non-forking extension p” of p’ over Bbg so that Tr4(p”) is clopen in Tr4(p(z, bg)).
So wlog by € B and Trs{p') = Tra(p{z,by)). Hence if s € S{B) N [p(z,by)] is
any type then Tr4(s) = Tra{p’). So wlog ¢{z, bg) isolates a type over Aby.

Let ¢ = tp(bg/A). For any b realizing ¢ let b* € dcla(b) be the *-finite
+-algebraic over A tuple naming Tr4(p{(z,b)). Specifically, for E € FE(A) let
[cp((’l b)/E] be the name for the finite set of E-classes meeting (€, b), and let
= ([o(€,b)/E]: E € FE(A)). Also let ¢* = tp(b*/A) and since b* codes
Tr a{(z, b)), sometimes we denote Tr4(p(z,b)) by X (b*). Notice that
)

(a

for every b realizing q there is a non-forking extension p” of p with
M(P") =N —1and X(b*) = Tra(p”), and Tra(p) = U{X (*): b* = q*}.

We can also assume that p, ¢,y as above are chosen so as to minimize M/(g*)
(with N = M(p) fixed).

CLam 1: M(g*) =1.

Proof: Since every X (b*) is nowhere dense in Tr4(p), we see that M(q*) > 0.
Suppose M(¢*) > 1. Let ¢ be a (necessarily non-forking) extension of ¢* over
Ad (for some finite tuple d) with M(g}) = 1. Wlog bj; realizes gj.

Let Xg = U{X(b*): b* = ¢5}. X4 is a closed Ad-invariant subset of Tr4(p).
Moreover,

(b) X4 is nowhere dense in Tr4(p).

Otherwise, we could find p” € S, ,5(Ad) with Tr4(p”) contained in X4 and open
in Tra{p). Then we could essentially replace p by p” and ¢* by ¢, contradicting
the minimality of M(qg*).

At this point, since M{(q}) is determined by Tra(g}), we can replace d by the
+-finite x-algebraic over A tuple naming Tr4(gj;), without violating (b).

Now choose p” € Sy, ,f(Ad) with Tr4(p”) being an open subset of X4. This
means that for some standard dy C d and §(z, dy) over Ady,

(c) Tra(p”) = XaN[5(z,do)] = U{X(6") 0 [§(z, do)]: 0" |= @3}

Since M(X(b*)) = N — 1 and X(b*) is a trace of a complete type, we get
that M(p”) = N — 1 and for every b* = ¢}, X(b*) N[6(z,dp)] has non-empty
interior in Tra(p”). Just take any p* € S, . 5(Ab*d) with M(p*) = N —1 and
Tra(p*) C X(b*) N [6(z,dy)]. Necessarily, Trs(p*) is a clopen subset of both
X (b*) and Tra(p").

So we find an E € FE(A) such that for any b* |= ¢, for some a with
stp(a/A) € Tra(p”) we have
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(d) X(b*) N[E(z,a)] = Tra(p”) N [E(z,a)].

For any b* }= g} let X’ (b*) be the union of all sets of the form X (b*)N[E(z, a)], for
which (d) holds. Extending dy a little (inside dcl(Ad) C acl(A)) we can assume
that X'(b*) is Ab*dg-invariant and is the trace of some formula over Abdy. So we
have that

{e) the set {X'(b*): b* k= ¢} is finite.

Now let ¢’ = tp(bodo/A), let (bodo)* be the =-finite name for X’'(b5) and
(¢")" = tp((bodo)" /A)-

Clearly (bodp)* € dcla(bgdo), however since M(q}) > 0, by (e) we have
M(bido/A(bodp)*) > 0. Tt follows that M((¢')*) < M(¢*), contradicting the
minimality of M(g¢*) and proving Claim 1.

Let f: Tra(q) — Tra(g*) be the continuous mapping sending stp(b/A4) to
stp(b*/A).

Cramv 2: f(Tra(x)) is finite for any formula x(y) implying q(y).

Proof: Suppose not. Say, x(y) is over a finite set D 2 A. Since f(Tra(x))
is infinite and M({q*) = 1, by Lemma 2.1, f(Tra(x)) has non-empty interior
in Tra(g*). Wlog f(Tra(x)) is a clopen D-invariant subset of Tra(g*). Let
#/(2) = 3y(x(p)A(z, ). Clearly Tra(¢f) = U{X (6%): stp(b"/4) € F(Tra(0)}-
Hence finitely many A-conjugates of the set Tr 4 (') cover Tra(p). It follows that
Tra(y’) has non-empty interior in Tr 4(p), contradicting the choice of p.

Now the proof resembles that of [Ne7, theorem 2.4]. We shall construct many
countable models of T using just the properties of types ¢ and ¢* exhibited in
Claims 1 and 2.

Let A’ be a finite set containing Aby. By smallness choose types ¢ € S(4'),
n < w, extending ¢*, with Trs(g}) disjoint and open in Trs(¢g*). Choose
gn € S(A’) extending q with f(Tra(gn)) = Tra(g}). Since M(q,) < M(q) < w,
there is a number K < w such that for infinitely many n, M(g,) = K; wlog this
holds for all n < w.

Assume further that A’ and the types ¢, ¢} are chosen so that K is minimal
possible. We shall find n;,¢ < w, such that for every j < w,

(f) if b;,7 < j, are A’-independent realizations of ¢,,,% < j,, then b;,i < 7, are
m-independent over A’.
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We proceed by induction on j. Suppose ng,...,n;_1 have been chosen so that
(f) holds. We shall choose n;. Notice that (f) implies that the type

Prg(®0) U+ Upn,_ (x;—1) U {“zo,...,z;_1 are A’-independent”}

has finitely many completions over A’, say these are types
tp(c®/A"), ..., tp(ck~1/A"), where ¢! = (¢}, ...,c}_;) for some ¢! k= py,.
To be able to choose n; it is enough to show that

(g) for every t < k, for at most finitely many n < w there is b,, realizing g,
with b, Lct(A’) and b, Lct(A").

Suppose this is not true for some t < k. Let
I = {n < w: for some by, = g, by Lct(4") and b, LcH(A)}.

So I is infinite. For n € I let ¢, = tp(bn/A'ct), (¢,,)* = tp(b}/A’'ct) and since
b Lct(A'), we can assume that for some K’ < K, for alln € I, M(q,) = K'.

By the minimality of K, for almost all n € I, Tru((q},)*) is a finite subset of
Tra(q?) C Tra(g*). We see that the set {stp(c*/A): ¢* k= ¢* and ¢* XL A'ct(A)}
is infinite, contradicting Lemma 2.1. This proves (g).

Now let b;,7 < w, be A’-independent realizations of types ¢,,,7 < w. By (f),
b;,i < w, are m-independent over A’ (that is, every finite number of them is
m-independent over A’). Also, for every j < w we have

h) ¢, is non-isolated over A” = A’ U {b;,7 # j}.
7

Indeed, suppose not. Then there is a formula x(y) over a finite subset D of A”
(containing A’), which isolates q,,. Wlog x(y) isolates a type ¢' € S(D). So for
some non-forking extension ¢" € S(D) of q,, we have

Tra(q”) = Tra(q') = Tra(x) C Tra(gn,)-

By (f), for b |= ¢ we have b" L D(A’), so Tra(g"”) is an open subset of Tr4(gn,)-
By Claim 2, f(Tra(x))} = f(Tra(¢")) is finite. So also f(Tra(gn;)) = Tr(gy,) is
finite (as Tra(gn;) is a finite union of A’-conjugates of Tra(q")), contradicting
the choice of ¢}, n < w, and proving (h). (In fact, f is an open surjection, as in
[Ne5, theorem 0.3].)

By (h), for each set J C w we can construct a countable model M of T
containing A’ and realizing g,,, iff { € J. This shows that T has many countable
models, proving the theorem.

Recall that ¢(z,y) is weakly normal if for every a, the set {¢(€,b): (a,b)
holds} is finite. In case when T is 1-based we can improve Theorem 2.2.
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THEOREM 2.3: Assume T is 1-based, superstable, with few countbale models, B
is finite and a.l B. Then there is a weakly normal formula v(z) such that Tr(y))
is an open subset of Tr(a/B).

Proof:  Theorem 2.2 yields a formula #(z,b) with Tr(¢) being an open
subset of Tr(a/B). By [HP], ¢ is a Boolean combination of weakly normal
formulas. Possibly diminishing ¢(€) we can assume that 1 (z,b) is equivalent to
xo{z,b) A =x1(z,b) A -+« A ~xi(z,b), where xq,...,x% are some weakly normal
formulas and k is minimal possible. Suppose for a contradiction that k > 0.

Let Y = Tr(y(z,b)) and, for I C {1,...,k}, let

X1 = Tr(xo(z,b) A /\ —xi(z,b)).
iel
CASE 1: For some proper subset I of {1,...,k}, Y is not nowhere dense in
X;. Wilog r = stp(a) € intx,(Y). So choose E € FE(D) with Y N[E(z,a)] =
X1N[E(z, a)], and we can replace 1(z, b) by (xo(z,b)A z € a/E)AA;¢; —xi(z,b),
contradicting the minimality of k.

CASE 2: For every proper subset I of {1,...,k}, Y is nowhere dense in X;. In
this case we will show that ¥(x,b) is (equivalent to) a weakly normal formula.
Suppose not. Then there are b,,n < w, such that b = by, b = b,,, for some o',
for all n, v¥(a’, b,) holds and ¥(z,b,),n < w, are pairwise non-equivalent.

We will find infinite sets w 2 Iy D I; D --- O Iy and permutation
nog = 0,my,...,n% of {0,1,...,k} such that for every n,n’ € I, for every
7 < t, Xn, (x,bn) and xn; (, by ) are equivalent. In particular, for every n,n’ € I,
¥(z,b,) and ¥(z, b, ) will be equivalent, a contradiction.

Suppose t < k and we have found I; and ng,...,n;; we shall find I;; and
ner1. Let n € I, J = {ny,...,m}, Zy = Tr(xo(z,bn) A /\1<J'St —Xn; (2, bn))
and Y, = Tx(y(z,b,)). Since b, = b, by the assumption of case 2 and by the
inductive hypothesis, Z; does not depend on the choice of n € I, and for every
n € I,

(a) Y, is nowhere dense in Z;.
Let Z, = Z;\Y,. We see that
(b) Z,={r € Z;:r(€) Nxo(€,bs) C Uj>0 x;(€,bn)}.

By (a) we ¢an choose r”’ € (,¢;, Zn, in particular v’ € Z;. Let a” € r"(€)
realize xo(Z,bn) A A1<j<t "Xn; (%, bn) for every n € Ir. By (b), for every n € I,
there is j, > 0 such that a” € x;,(€,b,), clearly j, # ny,...,n.
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By pigeonhole rule for some 71, there are infinitely many n € I; with j, =
Ner1. Let Iepy = {n € Ii: j, = ngy1}. Clearly this works.
Notice that the proof of this theorem shows that if additionally T = Th(G)

for some group G, then the formula 1 (z) may be taken as a coset of an acl(D)-
definable subgroup of G.

COROLLARY 2.4: A I-based superstable theory with few countable models is
m-normal.

Proof: Suppose A C B are finite, a\LB(A), wlog A = 0 and let ¢(z,b) be a
weakly normal formula with Tr(p(z,b)}) being an open subset of Tr(a/B). Wlog
@(a, b) holds. So Tr(w(z,b))N[E(z,a)] = Tr(a/B)N[E(z,a)] for some E € FE()).
Clearly, Tr(p(x,b)) N [E(z,a)] has finitely many conjugates over a.

ProBLEM: Find a small superstable theory which is not m-normal.

QUESTION: Is any superstable theory with few countable models m-normal?

The forthcoming paper [Ne8] contains some results suggesting a positive answer
to this question. We say that forking is meager on p € S(A) if for every formula ¢
forking over A, Tra(p) NTra(p) is nowhere dense in Tr4(p). The next corollary
improves [Ne7, corollary 2.7(1)], since here we do not assume that p is regular.
In fact, this corollary is a restatement of Theorem 2.2.

COROLLARY 2.5: Assume T is a superstable theory with few countable models,
p € S(A) for some finite A C € and forking is meager on p. Then p is isolated.

Proof: By Theorem 2.2 there is a formula ¢(z) with Tr4(p) being an open
subset of Tr4(p). Since forking is meager on p, ¢ does not fork over A, hence
by the open mapping theorem Tr4(p) has non-empty interior in S(acl(A)). It
follows that Tr4(p) is open in S(acl(A)), hence p is isolated.

3. Generic subgroups of type-definable groups

The examples from the introduction have one feature that we have not explored
in the previous section: they are groups. M-rank on generic types of a group has
some additional properties worth mentioning. We deal with them in this section.

First we recall some basic notions. We assume G = (G, -, ...} is a type-definable
over {) group in €. So G(z) is a type over . G C S(acl(®)) is the set of generic
types of G. For any set A, Sgen(A) = {tp(a/A): a € G is generic over A}. We say
that a type-definable group H < G is generic if G° < H. If a generic subgroup
H of G is type-definable over some B, then we can consider gen(H), the set of
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generic types of H, as a closed subset of both S(acl(B)) and of G. If P is a closed
subset of S(acl(A)) for some finite A then we define M(P) as the supremum of
M(p), where p € S(B) for some finite B O A, p does not fork over A and
TrA(p) C P.

Following [Ne2), for p,q € S(acl(B)) N [G(z)],p * ¢ = stp(a - b), where a,b are
independent realizations of p, ¢ respectively. For sets X, Y C S(acl(0)) N [G(z)]
we define X Y as the set {p*¢q: p € X,q € Y} (that is, the complex product of
X,Y). In [Ne2] we prove that x is continuous on S{acl(#))N[G(z)] coordinatewise.
Unfortunately, in general it is not continuous as a binary function. Below we
prove however that * restricted to G x G is continuous. Although this result is
not used elsewhere in this paper, we include it here, as it clarifies the picture
obtained in [Ne2].

Recall that for a stationary type p,Cb(p) is the definable closure of the set
of parameters a,(p) of canonical ¢-definitions d, of p. That is, for any o(z;y)
and ¢ € € we have ¢(z;c) € plc iff 8,(c; a,(p)) holds. In [Ne2, Ne6] we consider
the strong topology on S(acl(d)) generated by the basis of open sets X, . =
{p € S(acl(®)): ap(p) = c},p € L,c € acl(0).

LEMMA 3.1: * is continuous as a binary function (in the strong topology).

Proof: Let p,q € S(acl(D)) N [G(z)] and ¢(z;t) € L. For any d € € we have
(in the Hrushovski’s notation):

p(2,d) € (p* g)|d iff ((dgy)p(z - y,d)) € (pld)(z) iff (dpz)(dgy)e(z - y,d) holds.
In other words,

p(z,d) € (p * q)|d iff 6, (z,d; ar(q)) € (pld)(z) iff 6 (d, apr (), apr (p)) holds,

where ¢/ (y; z,t) = p(x-y,t) (y is the ‘free’ variable in ¢; z, z are the ‘parameter’
variables there), and ¢ (z;¢,y) = 6 (2, t;y).
Hence 8, (t, a,(q); apr (p)) defines (p * q)|. Consequently,

ay(p * q) € dcl(ay(9), ap (p))-

Let ¢ = ap(p*q),d = ay(q) and ¢ = a,»(p). We see that whenever (r,q) €
X ,on X Xy oo then p' x ¢' € X, .. This proves the lemma.

COROLLARY 3.2: * is continuous on G X G (in the usual topology). In particular,
if P C G is closed then P x P is closed.
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Proof: As in [Ne6, lemma 2.2] one can prove that on G, the usual topology
and the strong topology coincide. This is essentially because all generic types
have maximal local ranks, and for every finite set A of formulas invariant under
translation, G}A is finite. The last clause follows since the continuous image P* P
of the compact set P x P must be compact.

As in [Ne2], for any P C S(acl(@)) N [G(z)], (P) denotes the minimal type-
definable (necessarily over acl(0)) subgroup H of G such that P(€) C H. p"
denotes p*-- - xp (n times) and P™ denotes Px---* P (n times). Recall that we
say that P is A-invariant if for every f € Aut(€/A), f(P) = P. We see that P
is A-inariant iff there is a set P’ C S(A) N [G] such that P = (J{Tx(r): r € P'}.
Using the smallness of T we can prove the following variant of [Ne2, theorem
2.3].

THEOREM 3.3: Assume A is finite and P C G is A-invariant. Then for some
P € Sgen(A), Tr(p) is an open subset of gen({P)) and for some n, gen({P)) =
Ui<n Pi'
Proof: Let P' = cl({J;c,, P*). By [Ne2, theorem 2.3}, P’ is the set of generic
types of (P). Clearly, P* and P’ are A-invariant. Since P’ is closed and T is small,
for some r € Sgen(A), Tr(r) is an open subset of P’ (this is like in Lemma 0.1(8)).
As each P! is A-invariant, if Tr(r) meets some P?, then it is contained in this P".
As P’ is compact and metrizable, there are finitely many ro,...,7,1 € ;. P!
such that P' = J; ., icn P

Assume H is a generic subgroup of G, type-definable over a finite set A.
Then regarded as a subset of G, gen(H) is A-invariant, and we define M(H)
as M{gen(H)). Referring to the examples from the introduction, we see that
M(Gn) = N and M(G) = oo. Recall in our context the following lemma from
[Ne7] ((4) follows from the additivity of M-rank).

r; * Tr(r). Hence for some n, P' =

LEMMA 3.4: Assume A is finite and X,Y C G are closed and A-invariant.

(1) Forany pe G, M(p* X) = M(X).

(2) M(XUY) = max(M(X), M(Y)).

(3) If H is a generic subgroup of G type-definable over A and Z is an open

subset of gen{H), then M(Z) = M(H).

(4) M(X *xY) < M(X)® M(Y).

We do not know any example of a small superstable theory which is not m-
normal; the more so we do not know any group G for which the M-gap conjecture
is false. Still, if a group like this exists, the smallness imposes some restrictions
on generic subgroups of G.
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PROPOSITION 3.5: Assume A is finite and « is an ordinal or co. Then there is a
unique type-definable over A generic subgroup G, a of G such that M(Gg 4) <
w® and for every p € Sgen(A) with M(p) < w*, Tr(p) C gen(Ga,a).

Proof: Let P =J{Tr(p): p € Sgen(A) and M(p) < w*} and let G4 4 = (P). By
Lemma 3.4, for every p € Syen(A) with Tr(p) C P*, M(p) < w®, hence Tr(p) C P.
So Px P = P and P = gen(Ggq,4). By Theorem 3.3 we find a single p € Sgen(A)
with Tr(p) open in gen(Gg, a). By Lemma 3.4(3), M(Gq,4) = M(p) < w®.

We call the group Gg 4 from Proposition 3.5 the generic a-component of G
over A (this resembles [BL]). Notice that Gg 4 has finitely many generic types,
that is it is connected-by-finite. Hence there are finitely many types p € Sgen(A)
of finite multiplicity. Essentially this generalizes [Nel, lemma 0.2] and [Bu2].

COROLLARY 3.6: The sequence G, 4,a € OrdU{oo} is non-decreasing, and has
finitely many members.

Proof: The first assertion is immediate. Suppose op < a1 < -+ < @ <
coo,n < w, and Gy, 4 # Gay,a # -+ . Let G; C G be gen(Gq,,4). We see that
M(Go) < M(G1) < ---. Consider H = {|J,,.,, Gn). By Theorem 3.3, for some
P € Sgen(A), Tr(p) is open in gen(H). Hence by Lemma 3.4(3), M(p) = M(H).
On the other hand, Tr(p) meets some G,,, hence Tr(p) C G,, (as G, is A-invariant).
Thus M(p) < M(Gn) < M(Gn+1) < M(H) = M(p), a contradiction.

More generally one can prove that the set {o: o is the exponent of the leading
term of M(H) for some type-definable over A subgroup H of G} is finite. For
instance, if G is G, from the introduction, then for any finite A, Goo,4 = Go,a-
The most promising candidate for a counterexample to the M-gap conjecture
seems an expansion by constants (algebraic over (}) of some weakly minimal
group G, and the main obstacle is preservation of smallness. Proposition 3.5 and
Corollary 3.6 indicate that any attempt to find, say, a weakly minimal group G
being a counterexample to the M-gap conjecture would still have to deal with
some generic subgroups of G. On the other hand (in order to avoid m-normality),
in such a G there would have to be a generic type p over some finite set, with
trace not being a Boolean combination of *-translations of traces of generic type-
definable over @ subgroups of G.

We will conclude this paper comparing “measure and category in superstable
theories”. One can define a notion of independence intermediate between m-
independence and forking independence. This is done essentially in [LS].
Specifically, suppose A is a finite set of parameters and p € S(A4). We can
define probabilistic Haar measure y, on S(acl(A4)) concentrated on Tr4(p), such
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that for any E € FE(A) and a realizing p, p,(Tra(p) N[E(z,a)]) = 1/n, where
n is the number of E-classes on p(€); uy(S(acl(A)) > Tra(p)) =0.

Let pa = > cg(a)Hp- We define p-independence (u stands for measure) as
follows.

For any finite a, b,

allb(A) iff aLb(A) and pa(Tra(a/Ab)) > 0.

Since any open subset of Tr4(p) (where p € S(A)) has positive measure, we have
that

T =4 = 1.

Also, just as in case of 1 and | we have that & is symmetric and transitive [LS,
lemmas 2.2, 2.4]. Also, since 1 implies 4, extension property for 1T (Lemma,
0.1(7)) implies extension property for .

However, the next proposition and corollary, proved by Predrag Tanovic, show
that in some important cases m-independence and p-independence coincide.

PROPOSITION 3.7 (Predrag Tanovic): If T' is small, stable and m-stable then
p-independence equals m-independence.

Proof: If not, then for some finite A and p € S(A), for some b and q = ¢{x,b) €
S(Ab), which is a non-forking extension of p, we have that p,(Tr4(q)) = a >0
and Tr4(g) is nowhere dense in Tr4(p). We can choose g so as to minimize M(q).

For b’ = b(A) let q(z,b') be the A-conjugate of q(z,b). If additionally b (A)
then

(a) Tra(q(z,b)) N Tra(g(z,?')) is nowhere dense in Tr4(q(z,¥’)).

Indeed, otherwise Tra(g(z,b)) N Tra(g(z,b’)) has non-empty interior in
Tr 4(q(z, ")), so for some a realizing g(,b) Ug(z, b') we have a’Lb(Ab'). bILY (A)
and transitivity of m-independence give allb(A4), contradicting that Tra(q) is
nowhere dense in Tr 4(p).

It follows that for every r € S(Abb') which is a non-forking extension of
g(z,b) U ¢(z,b"), we have M(r) < M(q), so by the minimality of M-rank of
¢, pp(Tra(r)) =0. Hence also

(b) pp(Tralg(z, b)) N Tra(q(z, b)) =0.

Now let b,,n < w, be m-independent over A, with b, = b(A). By (b) we see
that Tra(g(z,bn)),n < w, is a family of measure-disjoint subsets of Tr4(p), of
measure a > 0, a contradiction.
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Since any superstable theory with few countable models is m-stable we get the
following corollary.

COROLLARY 3.8: If T is superstable with few countable models then
m-independence equals u-independence.

The example from Section 0 shows that not all m-normal theories are m-stable.
However for such theories p-independence also equals m-independence.

PrOPOSITION 3.9: If T is small, stable and m-normal, then p-independence
equals m-independence.

Proof: If not, choose p, g as in the proof of Proposition 3.7 (without minimizing
M(q)). Let a realize ¢. By Remark 0.2 choose ¢ € acl(A) such that X =
Tra(a/Abc) is Aut(C/Aca)-invariant. Since p, is Aut(€/A)-invariant and X is
open in Tru(g), we have that o = p,(X) > 0. Similarly, letting ¥ denote
Tra(a/Ac), we have that Y is open in Tra(p) and X is nowhere dense in Y.
Notice that

(a) whenever a’ = a(Ac) and X' is the corresponding conjugate of X over Ac
then X' is Aut(€/Aca’)-invariant.

Since X = Tra(a/Abc), we have also that

(b) whenever stp(a’/A) € X, then X is Aut(€/Aca’)-invariant and a and a’
are conjugate over Ac{X}.

Let X be the family of all conjugates of X over Ac. We see that X is an infinite
family of closed nowhere dense sets of measure a covering Y. By (a) and (b) all
sets in X’ are pairwise disjoint, a contradiction.

Added in proof: Recently I proved that any superstable theory with few
countable models is m-normal, answering positively a question from Section 2.
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